REPRESENTATIONS OF LIE SUPERALGEBRAS IN PRIME 

CHARACTERISTIC I 



WEIQIANG WANG AND LEI ZHAO 

Abstract. We initiate the representation theory of restricted Lie superalgebras 
over an algebraically closed field of characteristic p > 2. A superalgcbra general- 
ization of the celebrated Kac-Weisfeiler Conjecture is formulated, which exhibits 
a mixture of p-power and 2-power divisibilities of dimensions of modules. We 
establish the Conjecture for basic classical Lie superalgebras. 
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1. Introduction 

1.1. The finite-dimensional complex simple Lie superalgebras were classified by 
Kac [TU] in 1970's. A main subclass in this classification, independently obtained 
by Scheunert, Nahm and Rittenberg [TU [T5] (with contributions from Kaplansky 
and others), is called basic classical Lie superalgebras, which by definition admit 
an even nondegenerate supersymmetric bilinear form and whose even subalgebras 
are reductive. It consists of several infinite series and 3 exceptional ones. 

The modular representations of restricted Lie algebras in prime characteristic 
have been developed over the years with intimate connections to algebraic groups 
(see [20l [6l [12] ; cf. Jantzen [8] for a review). In [12] Premet developed new ideas to 
establish a long-standing conjecture of Kac and Weisfeiler [20] for Lie algebras of 
reductive groups. Among other things Premet made a crucial use of the powerful 
machinery of support varieties for Lie algebras developed by Friedlander-Parshall 
[S], Jantzen and others. 
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1.2. In this paper and its sequels we will initiate and develop systematically the 
modular representations of Lie superalgebras over an algebraically closed field K of 
characteristic p > 2. To our best knowledge, there has not been any serious study 
in this direction, perhaps because the representation theory of simple Lie superal- 
gebras over C (e.g. the irreducible character problem) is already very difficult and 
remains to be better understood. It turns out that the modular super representa- 
tion theory is a very promising direction full of nontrivial yet accessible problems 
and conjectures, and it exhibits a novel phenomenon of nondefining characteristics 
with primes p and 2. 

There has been increasing interest in modular representation theory of algebraic 
supergroups in connection with other areas in recent years, thanks to the work 
of Brundan, Kleshchev, Kujawa and others (see [T7j for references and historical 
remarks). As usual, when g is the Lie (super) algebra of an algebraic supergroup G, 
the study of g-modules with zero p-character corresponds to the study of rational 
modules of G or of its Frobenius kernel. The current work puts the study of 
restricted modules of Lie superalgebras in a wider context. It is possible that some 
basic duality between categories of modular representations of Lie superalgebras 
and Lie algebras will emerge when the super theory is more adequately developed. 



1.3. For a (finite-dimensional) restricted Lie superalgebra g = 0o ©fli; one defines 
a p-character x ^ Sg and the associated reduced enveloping superalgebra Uy.{Q). 
Let = Q^fiQ)Qx,i be the centralizer of x in g of codimension do Mi- It is well known 
that do is even, but di can possibly be odd. Let [aj denote the least integer upper 
bound of a. We formulate at the end of Section [2] the Super KW Conjecture or 
Super KW Property which asserts that every U^{q) -module has dimension divisible 

dQ I *il I ,_, 

by p^2^^K The celebrated Kac-Weisfeiler conjecture (Premet's theorem) states 
that the KW Property above holds for the Lie algebra g of a reductive algebraic 
group (with gi = and di = above) under mild assumptions on p. 

The main result of this paper is that the Super KW Property as formulated above 
holds for basic classical Lie superalgebras (the general linear Lie superalgebras, 
though not simple, are also included). In this paper we shall exclude the usual 
simple Lie algebras from the basic classical Lie superalgebras, even though all the 
proofs make sense for them as well. 

For restricted Lie superalgebras, the theory of support varieties has yet to be 
developed (see however an interesting construction over C of Boe, Kujawa and 
Nakano [1]). Our approach will take full advantage of a combination of techniques 
developed in Premet [121 [IS] and in Skryabin [18], which allow us to establish 
the Super KW Property for basic Lie superalgebras with nilpotent p-characters 
bypassing completely the support variety machinery. In addition, we establish 
a Morita equivalence to reduce general p-characters to nilpotent ones, adapting 
Friedlander-Parshall [B] (also see [2U]) to the superalgebra setup. At several places 
we have to find ways to overcome new implications and difficulties which are not 
presented in the usual Lie algebra setup. Let us explain in some detail. 
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1.4. In Section [3] we construct a natural Z-grading on an arbitrary basic classical 
Lie superalgebra g associated to a given nilpotent p-character x- Fo^^ the Lie 
superalgebras of type s[, qI and osp, our explicit construction, which works for 
every prime p > 2, is built on the one in Jantzen [9] for the classical Lie algebras. 
For the exceptional Lie superalgebras, we impose somewhat stronger conditions 
(which can presumably be relaxed) on the prime p. 

In Section m we construct a p-subalgebra m of g from such a Z-grading associated 
to a nilpotent p-character x, following Premet [12] (the cases with di odd offer some 
new perspectives). We then use the ingenious and elementary method in Skryabin 
[IS] to prove that every simple ?7^(g)-module is free over the algebra U^{m) of 

dp r '^1 "I p -1 

dimension 5 := p^2i~i, where \a\ denotes the largest integer lower bound of a. 
We are done if di is even; for di odd, [^J — [^1 = 1, and an extra factor 2 required 
in the Super KW Conjecture is then supplied by a 2-dimensional endomorphism 
algebra of simple modules "of type Q" , which is a pure super phenomenon. 

For a basic classical Lie superalgebra g, we further construct a /C-superalgebra 
(called a finite VT-superalgebra) 

W^{q) = End^^(0)(?7^(0) K^). 

and show that U^{q) is isomorphic to the matrix algebra Ms{W^{q)°^) , following 
Premet 's argument [13] with a modification to avoid completely the use of support 
variety machinery. Again the type Q phenomenon is implicit behind the scene 
here. This provides a conceptual explanation for the Super KW Property of q. 
The structures and representations of the superalgebra W^{q) and its complex 
counterpart deserve to be studied separately. 

One can verify by inspection that the centralizer of a semisimple (even) element 
in g is always a Levi subalgebra of g, and the case-by-case verification is elementary 
yet tedious due to the existence of non-conjugate Borel subalgebras. In Section 
we establish a Morita equivalence theorem which relates the reduced enveloping 
algebra U^{q) with an arbitrary p-character x of g to that of a Levi subalgebra 
of g with a nilpotent p-character. This is a superalgebra generalization of the 
classical results [20l [6], and our proof follows largely the general strategy in [6], 
with a few modifications to deal with the new super features (e.g. the existence of 
non-conjugate Borel subalgebras and three types of roots which give rise to three 
rank one Lie superalgebras). This Morita equivalence together with the results in 
Section H] completes the proof of the Super KW Conjecture for g. 

Finally in Section El we work out by hand completely the representation theory 
of the simple Lie superalgebra osp(l|2) for all p-characters, which is very similar 
to the si{2) case with some additional interesting super type Q phenomenon. In 
particular, we show that there is no projective simple ?7;^(osp(l|2))-module when 
X is zero or regular nilpotent, in contrast to the sl{2) case. 

1.5. Throughout we work with an algebraically closed field K with characteristic 
p > 2 as the ground field (unless specified otherwise for the exceptional Lie super- 
algebras). We exclude p = 2 since in that case Lie superalgebras coincide with Lie 
algebras. 
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A superspace is a Zi2-graded vector space V = Vq(BVi, in which we call elements 
in Vq and Vf even and odd, respectively . Write \v\ G Z2 for the parity (or degree) 
of V & V, which is implicitly assumed to be Z2-homogeneous. A bilinear form / 
on V is supersymmetric if f{u,v) = (— , m) for all homogeneous u,v eV. 
We will use the notation 

dim V = dim Vg | dim Vi ; dim V = dim Vg + dim Vi . 

All Lie superalgebras q will be assumed to be finite dimensional. We will use U{q) 
to denote its universal enveloping superalgebra. 

According to Walls [19], the finite-dimensional simple associative superalgebras 
over K are classified into two types: besides the usual matrix superalgebra (called 
type M) there are in addition simple superalgebras of type Q. Alternatively, a 
superalgebra analogue of Schur's Lemma states that the endomorphism ring of an 
irreducible module of a superalgebra is either one- dimensional or two-dimensional 
(in the latter case it is isomorphic to a Clifford algebra), cf. e.g. Kleshchev [TT| 
Chap. 12]. An irreducible module is of type M if its endomorphism ring is one- 
dimensional and it is of type Q otherwise. 

By vector spaces, derivations, subalgebras, ideals, modules, and submodules etc. 
we mean in the super sense unless otherwise specified. 

2. Basic results for restricted Lie superalgebras 

The materials in this Section (except Subsect. 12.71) are standard generalizations 
from Lie algebras and should not be surprising to experts, but we find it convenient 
to formulate them precisely for the latter use. 

2.1. Restricted Lie Superalgebras. The notion of restricted Lie superalgebras 
can be easily formulated as follows (cf. e.g. Farnsteiner [1]). 

Definition 2.1. A Lie superalgebra = 0o © 0i is called a restricted Lie superal- 
gebra, if there is a pth power map Qq — 0o , denoted as ^\ satisfying 

(a) (/cx)'^^ = /c^x'^l for all k E K and x G 00, 

(b) y] = {adxy{y) for all x G 0o and y E Q, 

(c) (x + y)'^' = x'^l + ?/[^] + Yl^Zi ^ii^^y) /^'^ ^lU ^ 00 where isi is the 
coefficient of X^~^ in {ad{\x + y)Y~^{x) . 

In short, a restricted Lie superalgebra is a Lie superalgebra whose even subal- 
gebra is a restricted Lie algebra and the odd part is a restricted module by the 
adjoint action of the even subalgebra. 

For example, the Lie algebra of an algebraic supergroup is restricted (see [T7]). 

All the Lie (super) algebras in this paper will be assumed to be restricted. 

2.2. Basic classical Lie superalgebras. Following [10] (and [HlIIS]), we recall 
the list of basic classical Lie superalgebras. In loc. cit., the ground field is C. 
We observe that these Lie superalgebras (whose even subalgebras are Lie algebras 
of reductive algebraic groups) are well defined over K and remain to be simple 
over K of characteristic p > 2 (and p > 3 in case of D{2,l,a) and G(3)), and 
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they admit an nondegenerate even supersymmetric bilinear form. This is clear 
for the infinite series, and for the exceptional Lie superalgebras it follows from the 
construction of [TU[l5] (it should be also possible via the method of contragredient 
Lie superalgebras of Kac, cf. [lO] and the references therein). 

In Table 1, we list all the basic classical Lie superalgebras over K with restric- 
tions on p (the general linear Lie superalgebra, though not simple, is also included). 
We impose somewhat stronger restrictions on the prime p (which can probably be 
relaxed) for the 3 exceptional Lie superalgebras for our latter purpose of construct- 
ing suitable Z-gradings. 



Lie superalgebra 


Characteristic of K 


g[(m n) 


p>2 


s[(m n) 


p > 2,p\ [m — n) 


B{m, n), C{n), D{m, n) 


p>2 


D(2,l;«) 


p>3 


m 


p> 15 


G(3) 


p> 15 



TABLE 1: basic classical Lie /^-superalgebras 



In this table. Lie superalgebra D{2, 1; a), a e K*\{0, —1}, is 17- dimensional for 
which D{2, 1; a)o is a Lie algebra of type AiQ)AiQ)Ai and its adjoint representation 
on D{2, 1; a)i is V ^V, where V is the natural representation of Ai. 

The Lie superalgebra F{4) is 40-dimensional for which F{4)q is a Lie algebra of 
type Bs © Ai and its adjoint representation on -F(4)i is U tS) V, where U is the 
8-dimension spin representation of B^. 

The Lie superalgebra G{3) is 31-dimensional for which G{3)q is a Lie algebra 
of type G2 © Ai, and the adjoint G(3)()-module G(3)i is the tensor product of 
the 7-dimensional simple G2-niodule with V. (We thank Zongzhu Lin for helpful 
clarification on restriction of prime p for representations of Lie algebra of type G2.) 

2.3. Reduced Enveloping Superalgebras. Let g be a restricted Lie superalge- 
bra. For each x E Qq, the element — x^^^ G U{g) is central by Definition 12.11 We 
refer to Zp{g) = K{x'p — | x G go) as the p-center of U (g). Let Xi, . . . , (resp. 
7/1, .. . ,yt) be a basis of gg (resp. gi). The following proposition is a consequence 
of the PBW theorem for f/(g). 

Proposition 2.2. Let q he a restricted Lie superalgebra. Then 2,p(g) is a polyno- 
mial algebra isomorphic to K[x\—xY^ | 2 = 1, . . . , s], and the enveloping superalgebra 
f/(g) is free over Zp{g) with basis 

{xT ■ ■ ■ x'^/yl' ■ • • yM < a, < p; b, = 0, 1 for all z, j}. 

Proposition 2.3. Let q be a restricted Lie superalgebra. Then all irreducible U{q)- 
modules are finite- dimensional, and their dimensions are bounded by a constant 
M(g) which depends only on g. 
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Proof. The proof (using Proposition 12.21) is the same as in the non-super case ([3]), 
and will be skipped. □ 

Let be a simple [/(0)-module and x G Qq. By Schur's lemma, the central 
element — x'^' acts by a scalar C{^)^ which can be written as Xvi^Y for some 
Xy G gg. We call xv the p- character of the module V. 

Fix X ^ flg- Let be the ideal of U{g) generated by the even central elements 
— x^^'^ — xi^Y- The quotient algebra U^{q) '■= U{g)/I^ is called the reduced 
enveloping superalgehra with p-character x- We often regard X ^ 0* by letting 
x(0i) = 0. For X = 0, then Uq{q) is called the restricted enveloping superalgehra. 

The following proposition is an easy consequence of Proposition 12.21 

Proposition 2.4. The superalgehra U^{q) has a hasis 

{xT ■ ■■xl'y'i ■■■y\'\Q<ai<p] bj = 0, 1/or all i,j}. 
In particular, dimf/^,(g) = pdimgg2dimgj ^ 

Remark 2.5. The adjoint algebraic group Gq of gg acts on g by adjoint action 
since gi is a rational Gg-module. The representation theory of the superalgehra 
f/^(g) depends only on the orbit of x under the coadjoint action of Gq, since 
f/^(g) ~ t^x'lfl) f*^^ X and x' iu the same orbit. 

2.4. The baby Verma modules. Let g be one of the Lie superalgebras in Sec- 
tion 12. 2[ Fix a triangular decomposition 

g = n" © [) ©n+, 

where n"*" = + (resp. n~) is the Lie subalgebra of positive (resp. negative) 
root vectors, and f) is a Cartan (even) subalgebra of gg of rank /. 

By Remark 12.51 we may choose X ^ 0g with x{^q) = without loss of generality. 
Let b = f) © n"^. Each A G f)* defines a one-dimensional f)-module Kx where each 
/i G P) acts as multiplication by X{h). The module K\ is a U^{i))-modu\e if and 
only if X{h)P - A(/iW) = xi^f for all /i G f). Set 

= {A G f)*| A(/i)P - X{h^P^) = xihf for all h G f)}. 

Note that |A-^| = p'^™''. Now for A G A^, i^'^ is regarded as a b-module with n"*" 
acting trivially, and the hahy Verma module is defined to be the induced module 

2.5. p-nilpotent Lie superalgebras. A restricted Lie superalgehra g is called 
p-nilpotent if, for each x G gg, there exists r > such that x'^''^ = 0. 

Proposition 2.6. If g is a p-nilpotent Lie superalgehra, then each ^/^(fl) ^'^■^ ^ 
unique simple module (up to isomorphism). Moreover, if x = ^! then the trivial 
module is the only simple module. 



Proof. The proof is essentially the same as for p-nilpotent Lie algebras (see, for 
example, proofs of Proposition 3.2 and Theorem 3.3 in [8]), and will be skipped 
here. □ 
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2.6. U^{q) as Probenius and symmetric algebras. Recall that the supertrace 
of an endomorphism X on a vector space Vg © Vi is defined to be str(X) = 
tr(X|yg) — tr(X|yj). An associative superalgebra A with a supersymmetric non- 
degenerate bilinear form will be referred to as a symmetric (super) algebra. The 
standard properties for a symmetric algebra remain valid for symmetric superal- 
gebras. The following is a generalization of a result of Friedlander-Parshall [6] for 
restricted Lie algebras, and it can be proved in the same way. 

Proposition 2.7. For each x G Qq, the reduced enveloping superalgebra U^{q) is 
a Frobenius algebra (with a nondegenerate bilinear form denoted by p,). Moreover, 
fi is supersymmetric if and only if str{adx) = for all x E Qq. In particular, if q 
is simple, then Ux^{q) is a symmetric superalgebra. 

2.7. The Super KW Property. Let x ^ 0o always regard x ^ 0* by 
setting xi&i) = 0. Denote the centralizer of x in by = g^ g + 0x,i' where 
Qx,i = {?/ ^ 0j| x{[y^ 0]) = 0} for i e Z2. Set di = dimg^ — dimg^^^,. Recall that [aj 
denotes the least integer upper bound of a. 

We formulate the following superalgebra generalization of the Kac-Weisfeiler 
Conjecture. 

Super KW Property. The dimension of every Uy^{Q) -module is divisible by 
p 2 2L 2 J . 

It is well known that do is an even integer and di can possibly be odd. When 
Q is the Lie algebra of a reductive algebraic group (i.e. gj =0), the celebrated 
Kac-Weisfeiler (KW) conjecture [2D] states that the (Super) KW Property holds 
(where no 2-power is involved). The original KW conjecture has been completed 
by Premet |12j . 

It is known that the KW Property holds for many interesting examples beyond 
the setup of the original KW conjecture, and nevertheless, it does not hold for all 
Lie algebras (and so superalgebras) . 

Question 2.8. For which Lie superalgebras does the Super KW Property hold? 

The main goal of this paper is to establish the Super KW Conjecture for all 
the basic classical Lie superalgebras with assumptions on p as in the Table of 
Section [221 In the remainder of this paper, g is assumed to be one of the 
basic classical Lie superalgebras with such a restriction on p. 

3. The Z-gradings of Lie superalgebras 

3.1. The Z-gradings with favorable properties. Let g be one of the basic clas- 
sical Lie superalgebras in Sect. 12. 2[ The Lie superalgebra g admits a nondegener- 
ate invariant even bilinear form (■,■), whose restriction on gg gives an isomorphism 
00 ~^ 0g- Let X ^ 0g be a nilpotent character, that is, it is the image of some 
nilpotent element X in gg under the above isomorphism. Then g^ is equal to the 
usual centralizer Qx = {v ^ q\ [^^v] = 0}. 
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Theorem 3.1. Let g be one of the basic classical Lie superalgebras in \2.2[ Then 
there exists a Z-grading g = (BkezQ{k) satisfying: 

X e g(2); (3.1) 

(0(fc),s(O) = O, if k + 1^0; (3.2) 

Qx = ®k&zdxik) where gxik) = gx n g{k); (3.3) 

gx{s)=0 Vs<0; (3.4) 

dim Qx = dim Q(O) + dim Q(l). (3.5) 

This grading is compatible with the 1j2-grading, i.e. g{k) = g{k)Q (B g{k)i where 
Q{k)i = g{k) n gi for ieZ2,k eZ. 

We shall construct the Z-gradings in the following subsections according to the 
types of the Lie superalgebras. The constructions for the Lie superalgebras of gl 
and osp types are natural generalizations of those for classical Lie algebras, cf. [9l 
Chap. 1-5]. 

3.2. The Z-gradings for g[. Let V = Vq(BVi be a vector space with dim V = m\n. 
Identify gl{m\n) with gl{V)^ whose even part is gl{V)Q = ^[(Vo) © sK^i)- To 
a nilpotent element X in gl{V)Q, we associate with a pair of partitions (7ro,7ri), 
where tTj = (A*^, . . . , A* ) of length is the shape of the Jordan canonical form of 
the summand of X in 0[(\4) respectively. 

There exist vi,...,Vrg G Vg (resp. ui,...,^^ G Vi) such that all X^Vi (resp. 
X^Ui) with 1 < i < tq (resp. ri), < j < A° (resp. < j' < X}) are a basis for Vg 
(resp. Vi) and such that X^^Vi = (resp. X^'^iUi = 0). 

Each homogeneous Z G gl(y)x is determined by Z{vi) and Z{uj) with 1 < i < 
To, 1 < J < ri because Z{X^Vi) = X^Z{vi) and Z{X^Uj) = X^Z{uj) for aU i,j, 
and k. Furthermore, X^i Z{vi) = and X^^ Z{uj) = for all i and j. Using this, 
one checks that if Z is even, then Z{vi) and Z{uj) have the forms 

(3.6) 



If Z is odd, then 













= E 


E 


0'k,l;iX''Vl, 




1=1 k= 


=max{0,AO- 






ri 


Al-l 




Z{uj) 




E 


bkJ;jX^Ul. 






=max{0,Aj^ - 


-^^} 




ri 


a;-i 






= E 


E 


Ck,l;iX''Ui, 






=max{0,A^ - 






ro 






Z{uj) 


= E 


E 


dk,l;jX^Vl. 




;=i k-- 


=max{0,A<'' 





(3.7) 



(3.8) 



(3.9) 
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The coefficients ak^-i, bk^i-j, Ck^i-i, and dk^-j above can be chosen arbitrarily in K. 
We compute that 

ro ri 
jj=l i,j=l 

dims[(nY,i = 2X^X^min(A°,A)). 

i=i j=i 

Define a Z-grading of the vector space V (which is compatible with the Z2- 
grading) as follows. Set V{k)Q (resp. V{k)i) equal to the span of X^Vi with 
= 2j + 1 - A° (resp. X^Ui with A; = 2j + 1 - Aj). Note that 

diml^(/) = dimr(-/), (3.10) 

XV{1) CV{l + 2). (3.11) 

Remark 3.2. The grading defined above can be thought of coming from the s[(2)- 
theory in characteristic zero. Indeed, let e, /, and h be the standard basis of s[(2). 
We can make V into an s[(2)-module such that e acts as X, h acts as on each V{m) 
as multiplication with m, and / annihilates all Vi and uj, and maps each X'^Vi and 
X'^Uj to suitable multiples of X^~^Vi and X^~^Uj respectively. 

The grading on V induces a grading QiiV) = ®k&dK^)W with 

Ql{V){k) = {f e Ql{V)\f{V{l)) cV{l + k) for all/ gZ}. (3.12) 

This gives a Z x Z2-grading on the Lie superalgebra, i.e. 

[9l{V){k),gl{Vm]cgl{V){k + l), (3.13) 

and 

gl{V){k) = Qi{V){k)-o © Qi{V){k)i, (3.14) 

where gliV){k)i = Ql{V)i n QKV){k). 
We have 

Xefl[(y)(2) 

by (13.111) . This implies easily that 

bKV)x = ^eKV)x{k) where Qi{V)x{k) = gl{V)x n gl{V){k). 

Example 3.3. Let F be a superspace of dim V = 3|2. So gliV) is isomorphic to 
the Lie superalgebra 0[(3|2) consisting of all (3 + 2) x (3 + 2) square matrices. Let 
X be a nilpotent element in g[(\/)g corresponding to the pair of partitions (3; 2). 
Then there exist Vi G Vg and Ui G Vi such that {X'^Vi, Xvi,Vi} and {Xui,Ui} 
form bases of Vg and Vi respectively. Under this basis of V, the element X has 
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matrix form 



1 
1 




1 


The grading V = V{-2) © V{-1) © V{0) © ^(1) © V{2) is specified as follows: 
V{2) = KXh>i, V{1) = KXuu V{0) = KXvi, 
V{-1) = Kui, V{-2) = Kvi, V{1) = for |/| > 2. 
Any element Z G qI{V)x is of the matrix form 





Xo 


X2 


X4 


yi 


y3 




0-2 


Xo 


X2 


0-1 


yi 


z = 




0-2 


Xo 


0-3 


0-1 




0-1 


Zl 


z-i 


Wo 






0-3 


0-1 


Zl 


0-2 


Wo 



where Xi,yi, Zi and Wi are arbitrary scalars in K, Oi = 0, and the index i indicates 
the Z-gradings of the corresponding matrix entries. Hence, dim ul(V) x = 5|4. 
Note that the centralizer qI{V)x is concentrated on the non-negative degrees. 

3.3. The Z-gradings for osp. Let be a nondegenerate even super symmetric 
bilinear form on V = Vq (B Vf, that is, Vq and Vi are orthogonal, the restriction (po 
of to Vg is symmetric, and the restriction 0j of to Vi is skew-symmetric. Then 
the ortho-symplectic Lie superalgebra = ospiV) with = 0o + 0i is defined by 

= {/eflW.|0(/(x),y) = -(-i)*i^i0(x,/(i/))Vx,ye V}, zeZ2. (3.15) 

According to [10], the ortho-symplectic Lie superalgebras osp{V) are further di- 
vided into infinite series of type B{m, n), C{n), and D{m, n), depending on whether 
or not dim V is (2m + l)|2n, 2|2n, and 2m\2n, respectively. 

Let X ^ 00 be a nilpotent p-character, which can be regarded as x ^ 0* by 
declaring that x(0i) = 0. Let X G go be the nilpotent element corresponding 
to X via the form (-, ■) on g, and write it as X = Xq + Xi where Xj G 0t(Vi) fl 
go. The Xj determines the partition vTj = (A*^, . . . , A* .), and vTj is the shape of 
the Jordan canonical form of Xj. According to [HI Chap 1], there exist bases 
f 1, . . . , fro G Vq and Ui, . . . , £ Vi satisfying properties in [9l 1.11, Theorems 1 
and 2] respectively. 

We retain the Z-grading on V as defined in Section [3^ in the case of qI{V) so 
that (13.101) and (13.111) still hold. Using the arguments in [9l 3.4], one can show that 
the grading on V is compatible with the bilinear form in the following sense: 

(j){V{k), V{1)) = unless k + l = 0. 



We claim that 



= 00(fc) where0(fc) :=gng[(l^)(A;). 



(3.16) 
(3.17) 
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Indeed, let us take Y E Qi (the argument for even elements is similar and thus 
skipped) and decompose Y = J2k with Y^ G (0[(y)(/c))j. We have to show that 
Yfc e g, i.e. 0(Yfc(w),w) = Yfc(w)) for v e v[s) and w G V{t). Note 

that Yk{v) e V{k + s) and Yk{w) G V{t + k). Now fl316D implies 

0(Ffc(^;), w) = = Yk{w)) ifs + k + t^O. 

On the other hand, if s + k + t = 0, fl3.16p implies 

I 

= -{-l)\-\J2<P{v,Yi{w)) = -{-l)\Mv,Y,{w)). 
I 

This proves fl3.17p . 

By definition, X G g(2), i.e. (13.11) holds. This implies, as in Section [3l2l that 

dx = 00x(A;) 

fcez 

where Qxik) = 0x H g{k). This verifies (13.31) . 

Remark 3.4. Define a homomorphism of algebraic groups r = tq x ri from the 
multiplicative group to GL(y)Q = GL(Vg) x GLiVi) as follows. For each 
t G /T^, let T(t) = ro(t)xri(t) be the linear map with Ti{t){v) = t^v for allt; G V{k)i 
and all k. Now the equality (13.101) shows the r takes values in S'L(Vo) x S'L(Vi). 
In the setup of Section [373| one checks easily using (I3.16P that t{K^) is contained 
in SOiVQ) X Spiyi). Now the Z-gradings defined in Sections 13.21 and 1 3.31 can be 
described via 

Q\{y){k) = {Z e q{{V) I Ad(r(t))(Z) = t^Z for all t G K""}, 
os^{y){k) = {Z e osp(y) I Ad(r(t))(Z) = t^'Z for all teK""}. 

3.4. Completing the proof of Theorem 13.11 for gl, si and osp. Throughout 
this Subsection, it is assumed that g = QiiV) or ospiV) as in Subsection 13.21 or 13.31 

The invariance of the even nondegenerate bilinear form (-, ■) under all r(t) with 
t G implies that (g(/c),g(/)) = if A; + Z 7^ 0, while (■, ■) induces a perfect 
pairing between g(/c)i and g(— A;)^ for i G Z2. Thus (13. 2p has been verified. 

We now prove (13. 4p . Let 7^ Z G Qx{.s)q (the argument for Z odd is similar) and 
write Z{yi) and 2'(mj) as in (13.61) and (13. 7p respectively. We have Z{vi) G V{s + \ — 
A°)() and Z{uj) G V{s + l — \}j)i. Therefore the coefficients ak^m in (13. 6p and h^^i-j in 
fIXTD are unless s + 1 - A° = 2A; + 1 - Al' and s + 1 - A] = 2A; + 1 - A,^ respectively. 
On the other hand, we have k > max(0, A° — A°) and k > max(0, A;^ — A]) by (13.61) 
and (13. 7p . So ak^i-i 7^ (respectively, hk^i-j 7^ 0) implies 

s = 2A; + A° - A? > A; > (respectively, s = 2k + \] - \] > k > 0). 

In either case, we conclude that s > 0, whence (13.40 . 
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To complete the proof of Theorem 13.11 for g, it remains to verify the identity 
(13.51) ■ Using the argument of [3 Lemma 5.7], one can show that 

[Qik - 2)„ X] = g{k), ^ Sx n gi-k) = (3.18) 

for each k & Z and i E Z2. Now by (13.41) and (13.181) . the map adX : Q{k)i — > 
g{k + 2)i is surjective with kernel the subspace g{k)i fl gx,i for A; > and i G Z2. 
The highest degree component in the grading is contained in gx] counting the 
dimension of gx backwards through the grading, we prove (13. 5p . 
This completes the proof of Theorem 13. II for g = gl{V) or osp{V). 

Remark 3.5. For g = s[(m|?7,) with p \ m — n and p > 2, the arguments in 
Subsections 13. 2[ 13.31 and the above carry over readily, and so Theorem 13.11 holds 
for si{m\n) as well. 

3.5. The Z-gradings for exceptional Lie superalgebras. Now suppose that 
g is one of excetional Lie superalgebras of type D{2,l;a), -F(4), or G{3) as in the 
Table of Section 12.21 which admit a nondegenerate even supersymmetric bilinear 
form and whose even subalgebras are Lie algebras of reductive algebraic groups. In 
each case, the lower bound for the characteristic of K is indeed > 3{h — l), where h 
is the maximum of the Coxeter numbers for the irreducible summands of the even 
subalgebra gg- As before let X G g denote the nilpotent element corresponding 
to a nilpotent p-character x ^ 0g- With this restriction on p, by Carter [2] (also 
cf. [HI Sect. 5.5]), there exists an 5[(2)-triple {X, H, Y} so that KH lifts to a one- 
dimensional torus 7 : —>■ Gq in the simply connected algebraic group associated 
to 00 which induces a Z-grading 

= ®k&zQ{k), where g{k) = {z e g \ Ad{^{t)){z) = t^z for all t G K""}. 

Moreover, gg is semisimple under the adjoint s[(2)-action. By the explicit informa- 
tion on 01 given in Subsection 12.21 we further observe that 0i is also semisimple 
under the adjoint s[(2)-action. Now it follows that this grading satisfies all the 
properties (I3.ip - (I3.5I) in Theorem 13.11 just as for semisimple Lie algebras in char- 
acteristic zero (compare with p]). 

4. Proof of Super KW Conjecture with nilpotent ^-characters 

4.1. The subalgebra m. Let g be one of the basic classical Lie superalgebras 
in Sect. 12.21 with a non-degenerate supersymmetric even bilinear form denoted by 
(■,■). Furthermore, we have a Z-grading g = ®k&iQ{k) with favorable properties 
as in Theorem 13.11 It follows that for each k there is a non-degenerate pairing 
between g{k) and g{—k) by (13.21) and that dim g(fc) = dim g(— fc). On 0(— l)o 
(resp. 0(— 1)1) there is a symplectic (resp. symmetric) bilinear form (-, ■) given by 

{x,y) ■={X,[x,y]) = x{[x,y]). (4.1) 

This form is even non-degenerate and skew-supersymmetric. Indeed, take a nonzero 
X G g{-l)i for i G Z2. Then it follows by ([S3D that ^ [X,x] G 0(1)^. By the 
non-degeneracy of the pairing between 0(l)j and 0(— l)j, there exists y G 0(— l)j 
with ^ {[X.xly) = (X, [x,y]) = {x,y). 
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Note that dimg(— l)o is even. Take g(— !)[, C g(— l)o to be a maximal isotropic 
subspace with respect to (■, ■). It satisfies dimg(— 1)^ = dimg(— l)o/2. 

Denote r = dimg(— l)i. There is a basis vi, . . . ,Vr of g(— l)i under which the 
symmetric form (-, ■) has matrix form 

1 " 

1 

If r is even, take 0(— l)j C 0(— l)i to be the subspace spanned by Vi, . . . ,vr. If 
r is odd, take g(— l)j C g(— l)i to be the subspace spanned by fi, . . . j"^!^- Set 
g(— 1)' = g( — l)g © g(— l)j and introduce the subalgebras 

m = 0g(-A;)©g(-l)', 

k>2 

{m © Kvr+1 , for r odd 
m, for r even. 

The subalgebra m is p-nilpotent, and the linear function x vanishes on the p- 
closure of [m, m]. It follows by Proposition 12.61 that U^ixn) has the trivial module as 
its only irreducible module and U^(vn.)/Nm = K where A^^ is the Jacobson radical 
off/,(m). 

Assume that r is odd. The induced f/^(m')-module V = U^{m') ©i/^(m) K is two- 
dimensional, irreducible, and admits an odd automorphism of order 2 induced from 
Vr+i . By Frobenius reciprocity, it is the only irreducible ?7^(m')-module. Denote 

by c{d{K) the simple superalgebra of type Q consisting of all 2d x 2d matrices of 
the form 

A B' 
-B A 

with A and B arbitrary c? x c? matrices. We summarize the above as follows. 

Proposition 4.1. Assume that dimg(— l)i is odd. Then f/^(m') has a unique sim- 
ple module; it is isomorphic to V , which is 2-dimensional and of type Q. Moreover, 
f/jj,(m')/A^m' i'S isomorphic to the simple superalgebra C{i{K). 

We have the following commutative diagram: 

f/^(m) C U^{xn') 
U U 

Nra = iVm' 

4.2. Preeness over f/^(m). For a f/;^(g)-module M put 

M'^ = {ve M\N^ .v = Q} = {ve M\N^. ■v = Q}. (4.2) 

Proposition 4.2. Let g he one of the basic classical Lie superalgebras. Then every 
U^{g)-module is f/^(m)-/ree. 



14 



WEIQIANG WANG AND LEI ZHAO 



Proof. Since our proof is a straightforward superalgebra generalization of the proof 
of [ISl Theorem 1.3], we only formulate the main steps below and refer to loc. cit. 
for details. 

Recall the Z-grading on g = ®k£zQ{k) from Sect. El Define a decreasing filtration 
{fl*^} of by setting = J2i>kSi~^) ^'^^^ induced Z2-grading 0^ = 0g © 0j for 
A; e Z. It clearly satisfies the conditions in [181 (bl)-(b6), pp.568]. 

First of all, we have [g^, A^m] C N^, and so M"^ is stable under for every 
f/^(g)-module M. 

Let ?/o,i, . . . , ?/o,ro s-iid t/i 1, . . . , ?/i n be the respective bases for mg and mi compat- 
ible with the Z-grading on g. Define s > (resp. di g > 0) by the condition i/q^s e 

flf'' \0O°"^^ (resp. yi^s e gf \ gf ''"^^). Let S = {a = (ai, . . .,aro;ei, . . . ,e^J| < 
Os < p, et E {0, 1}}. For a G S put 

|a| = ^as + ^et, 
wt a = ^ do^sO-s + ^ di^tet, 

2/a = (2/0,1 - viyo,i)T' ■ ■ ■ (yo,ro - viyo,ro)T''"yi,i ■ ■ ■ yT,r, e u^{m), 

where ?7 G trig is the linear function defining the one-dimensional representation on 
m with p-character x\m- 

For each pair i,j denote A(z, j) = {b G S | wt b = z and |b| = j}, and consider 
any linear ordering ^ on S subject to the following condition: a -< b whenever 
either wt a < wt b or wt a = wt b, |a| > |b|. Let M be a f/;^(g)-module. Following 



[T8l proof of Theorem 1.3], for each v G M'^ and b G A(z, j), there exists V]-, G M 
such that 

VaVa = V, and i/aVh = when a :^ b. (4.3) 
Let m operate in E = RomKiU^im), M"^) by (?//)(«) = (-1)I^I(I^I+I"I)/(m?/) for 
homogeneous ?/ G m , / G -E, and u G U^{m). Take any even linear map vr : M — >■ 
M'^ such that 'it\m'" = id and define tp : M E setting Lp{w){u) = (— I)l"ll'"l7r(uu7) 
for w E M and u G t/^(m). Clearly </) is a homomorphism of f/^(m)-modules. By 
(14.31) f{va){ya) = V and </?(i'b)(ya) = when a :^ b for any v G Af". Given ip G E, 
it can be shown by downward induction on b that there exists w E M such that 
(p{w){ya) = 'ipiVa) for all a ^ b. Since the elements ya form a basis for U^(m), 
the map (f is surjective. Furthermore, ker((/?) is an m-submodule of M which has 
zero intersection with because (p{v){l) = v for every v G M^. Then kenp = 0. 
Thus ip is an isomorphism of ?7^(m)-modules. Since U^{vci) is a Frobenius algebra 
by Proposition O, the ?7^(m)-module E ^ [/^^(m)* (g) is free. Hence M is 
U^{m)-iTee. □ 

4.3. The Super KW Property with nilpotent p-characters. 

Theorem 4.3. Let g be one of the basic classcial Lie superalgebras as in Sec- 
tion and let X ^ 0g nilpotent. Let di = dimgj — dimg^ j, i G Z2. Then the 

dimension of every U^{g)-module M is divisible by p~2^~^. 
Note that p^2^^^ = dimf/^(m') (7^ dmvU^{ra) in general). 
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Proof. By (13. 5p and since dimg(/c) = dim Q(—k), we have 

dim Q — dim g^ = 2 dim fc) + dim g(— 1). (4.4) 

k>2 

In particular, dimg(— l)i and di have the same parity. It follows now from the 
definition of m that either (1) yl y = dimm when dim0(— l)i and di are even, or 
(2) ^1^^ = dimm when dimg(— l)i and di are odd. 
In case (1), the theorem follows immediately from Proposition 14. 2[ 
In case (2), for each f/^(g)-module M, is a module over the superalgebra 
U^{m')/Nm = c{i{K), by Proposition 14. 1[ Since the (unique) simple module of 
c{i{K) is two-dimensional, M™ has dimension divisible by 2. Now the isomor- 
phism M = [/^(m)* ® M"" (cf. Proposition 14.21 and its proof) implies the desired 
divisibility. □ 

Theorem 14.31 can be somewhat strengthened in the following form. 

Theorem 4.4. Set 6 = dimf/jj,(m) and denote by the induced Uy^{Q) -module 
^x(fl) ®c/x("^) ^x- Then Qm is a projective U^{g)-module and 

U^{g) = Ms{W^{gr), where W^{g) = Endu,i,){Qr.) ■ 

Proof. Let Vi, . . . ,Vs (resp. Wi, . . . , Wt) be all inequivalent simple f/^(g) -modules 
of type M (resp. of type Q). Let Pi (resp. Qj) denote the projective cover of 
Vi (resp. Wj). By Proposition 14. 2[ Vi and Wj are free over f/^(m). It follows by 
Frobenius reciprocity that 

dimHomg(Qm, V) = dimHomn,(A'^, V) =■ ai. 

By Frobenius reciprocity and Proposition 12. 6[ 

dimHomg(Qtn, Wj) = dim HomTO(-ft'x' ^i) = dimHomn,(?7;^(m), Wj) 

which has to be an even number, say 2bj, since as a type Q module Wj admits 
an odd involution commuting with m. It follows that the ranks of the free f/^(m)- 
modules Vi and Wj are and 2bj respectively. Put 

i=i j=i 

Then P is projective and has the same head as Qn^. So there is a surjective homo- 
morphism ip : P ^ Qj^- 

Since dim Vi = 5ai and dim Wj = 25b j, by Wedderburn theorem for superalgebras 
(cf. Kleshchev [TT| Theorem 12.2.9]) the left regular ?7j^(g)-module is isomorphic 
to P^ . The equality of dimensions 

dim P = dim U^{q)/5 = dim 

implies that ip is an isomorphism. Finally, 

= Enda,(,)([/,(g))°^-End^,(,)(P^)''^ 
- {MsiEndu,^,)iP)))°^ = MsiW.,{g)V- 
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This completes the proof of the theorem. □ 

Remark 4.5. In the case g is a Lie algebra (i.e. go = 0); recover a theorem of 
Premet [T3l Theorem 2.3 (i),(ii)] with somewhat modified arguments which avoid 
the use of support variety machinery. 

The algebra W^{g) has a counterpart over C, which is usually referred to as a 
finite W^-superalgebra in the math physics literature. 

Remark 4.6. Theorems 14.31 and 14.41 remain valid when g is a direct sum of basic 
classical Lie superalgebras. 

5. A REDUCTION FROM GENERAL TO NILPOTENT p-CHARACTERS 

In this section, we will establish a Morita equivalence which reduces the case of 
a general p-character to a nilpotent one, completing the proof of the Super KW 
Conjecture for g. 

5.1. An equivalence of categories. Let g be a basic classical Lie superalgebra 
as inO 

Let X = Xs + Xn be the Jordan decomposition of x ^ 0g (we regard x ^ 0* by 
letting x(0i) = 0). Under the isomorphism g^ = gg induced by the nondegenerate 
bilinear form (-, ■) on gg, this can be identified with the usual Jordan decomposition 
s + n on Qq. Take a Cartan subalgebra f) of g which contains s, and recall that g 
admits a root space decomposition (cf. [TO] ) 

Then it follows that 0s =: 1 = [q © ^-Iso has a root space decomposition 

where $([) = {a \ a{s) = 0}. 

It is a well-known super phenomenon that all the systems of simple roots (resp. 
the systems of positive roots, or resp. Borel subalgebras) of g are not equivalent 
under the Weyl group W. An explicit list of non-l^-equivalent systems of positive 
roots can be found in Kac [IDl pp. 51-53]. 

The following proposition is proved by case-by-case calculations, which is com- 
pletely elementary yet tedious and thus omitted. From the detailed calculation we 
find that the following system of simple roots for F{A) up to VT-equivalence 

{-S, ^{6 - El -62 + 63), El - 82,82 - e-i] 

is missing from Kac's list. (We learned that this was also noticed by Serganova.) 

Proposition 5.1. Let I = g^ with s in a Cartan subalgebra f) of g. There exists 
a system U of simple roots of q such that 11 n $([) is a system of simple roots for 
$([). In particular I is always a direct sum of basic classical Lie superalgebras. 

Let b = f) © n 6e the Borel subalgebra associated to U. Then we can define a 
parabolic subalgebra p = [ + b = [ © u, where u denotes the nilradical of p. 
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Note that x(u) = since s + n G C g;^^ = I, and = (s + n, u) C (I, u) = 0. 
Also note that = and hence x\i = Xn\i is nilpotent. Thus any [/^([) -module 
can be regarded as a f/;^(p)-module with a trivial action of u. Here and below, by 
abuse of notation, we will use the same letter x for its restrictions on p, [, or u. 

Given an associative fc-superalgebra A, A-mod denotes the category of finite- 
dimensional /l-(super)modules with even morphisms, which turns out to be an 
abelian category. One can easily switch back and forth by a parity functor be- 
tween this category and the category of finite-dimensional A- (super) modules with 
arbitrary morphisms (cf. e.g. [1]). 

Theorem 5.2. Let q be a basic classical Lie superalgebra as in Section \2. 2[ Let 
X = Xs + Xn ^ Qq be a Jordan decomposition, I = , and p = I © u as above. 
Then — " : U^{g)-mod U^{l)-xnod is an equivalence of categories, and its inverse 
is given by U^{q) '^u^ip) ~ ■ t^xlO"!^"^ Uy.{Q) -mod. Moreover, Uy.{g) and U^iV) 
are Morita equivalent. 

The above theorem is a super analogue of a theorem of Friedlander-Parshall [6l 
Theorem 3.2] which was in turn built on the earlier work of Kac-Weisfeiler [20] . 
By the same argument as in [6l pp. 1068], we reduce the proof of Theorem 15.21 to 
the following theorem, which is a super analogue of the main theorem of [20] and 
[6l Theorem 8.5]. 

Theorem 5.3. Retain the above notation. Then for any irreducible U^{Q)-module 
M , is an irreducible U^{p) -module and the natural map 



is an isomorphism. Also, M is a projective U^(u) -module. 

5.2. Proof of Theorem 15.31 The proof of Theorem 15.31 follows the same strategy 
as in the Lie algebra case given in [HI Sect. 8], with a few modifications. In the 
following, we only formulate and establish the parts which differ more substantially, 
while omitting the parts which are completely analogous to the Lie algebra case 
and referring to loc. cit. for details. 

The proof in [6], Sect. 8] is based on four lemmas (Lemmas 8.1, 8.2, 8.3, and 8.4 
therein), and it can be literally copied to the super setup once the super analgoues 
of the four lemmas are formulated and established. The super analogues of Lemmas 
8.1 and 8.3 are obtained in a straightforward manner and thus skipped. On the 
other hand, the super analogues of the remaining lemmas need some extra care. 

The complication in the following super analogue of [HI Lemma 8.2] arises from 
the fact that there are three types of roots in q: 

(i) $ n = {±6} with 5 even; 

(ii) $ n = {±6} with 6 odd; 

(iii) $ n Q(5 = {±6, ±26} with 6 odd and 26 even. 

They correspond to three rank one Lie superalgebras sl{2), s[(l|l) and osp(l|2) 
respectively. For latter purpose, for such a 6, we shall denote 




in case (i) and (ii) 
in case (iii). 
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Lemma 5.4. Let p = l(Bu be a parabolic subalgebra of a basic classical Lie super- 
algebra Q containing a Borel subalgebra b. Assume that the commutator subalgebra 
[' = [[, [] of [ is isomorphic to one of the following: 

(i) s[{2) with standard basis {e, /, h} such that x(e) = = x{f) '^^'^ x(^) 7^ 0/ 

(ii) s[(l|l) with basis {X ~ 0^ ' ^ ~ ^1 0^ ' ^ ~ (^0 1^-*^ '^^^^ ^^^^ 
X{h) ^ 0; 

(iii) osp(l|2) with standard basis {e, /, h; E, F} (see Section\D^ such that x(e) = 
= xU) o^nd x{h) ^ 0. 

Let V be a finite dimensional U^{b)-module upon which e (resp. E, X) acts triv- 
ially. Denote by I = Uy^{p) 'S)u^(b) — ■ U^{b)-mod U^{p)-mod the induction 
functor. Then I{VY = V (resp. I{V)^ = V, I{V)^ = V). 

Proof. The key here as in the proof of [HI Lemma 8.2] is to show that U^^{1') is a 
semisimple superalgebra. This is well known for the s{{2) case, and we will prove it 
for the osp(l|2) case in Sect. [6] (see Proposition 16. II for a more precise statement). 

We now consider the case when [' is isomorphic to sl(l|l) with x{h) 7^ 0. For A 
satisfying — A — xi^Y = 0, the baby Verma module 

Z^{X) = f/^(sl(l|l)) ®uAKX+Kh) 

is two-dimensional with a basis {vx = 1 ® Ia, ^^a}, where Kx = Klx denotes the 
1-dimensional representation of KX + Kh with X.Ia = 0, h.lx = Xlx- The action 
of s[(l|l) is given by 

Xvx = 0, XYvx = Xvx, hvx = Xvx, hYvx = XYvx, YYvx = 0. 

Observe that each Z^{X) is irreducible of type M, and Z^{X) are pairwise non- 
isomorphic (there are p of them in total). Since dim f/^(s[(l|l)) = 4p, this forces 
each Z^{X) to be projective and U^{sl{l\l)) to be semisimple. 

Thus each [/^([')-module is projective and hence projective as a module over its 
subalgebra generated by X (resp. by E in the osp(l|2) case). Hence liV)^ (resp. 
I[V)^) has dimension equal to dim/(V^)/2 (resp. diml(y)/2p), which coincides 
with dim V. □ 

We now go back to the notation for x, b and p as in l5.1[ Let p~ = I © u~ be the 
parabolic subalgebra opposite to p. Denote 



S 1 



:= {roots whose root vectors lie in n fl [}, $g = — $ 
'■= {roots whose root vectors lie in u}, $" = — 

The following is a super analogue of P, Lemma 8.4] with a different proof. The 
complication in the superalgebra setup arises from the fact that there are odd roots 
and the longest element in the Weyl group W does not send a system of positive 
roots to its opposite. We shall need the notion of odd reflections (which has been 
used by Serganova and others in various situations; cf. [161 [13 ^^i references). 
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Lemma 5.5. We can enumerate = {61, . . . , 6*} as a sequence of singletons or 
pairs of roots so that for each i, 

<I>+:=<I>+U{-<5I,...,-Ci,5;,...,5:} 

is a system of positive roots for $ in which 6i is a simple root. Moreover, for each 
i, := {— 5i, . . . , —6*} is a closed subsystem of $ normalized by 

Proof. For a root 5 in a set of simple roots 11 associated to the system of positive 
roots let : $ — > $ be the (even or odd) reflection associated to a. (see [I6] 
for the basic properties of odd reflections). If 26 is a root, vs is by definition the 
even reflection r25. It is known that rs^~^ is a system of positive roots, —6* G r5$+, 
and r5$+ n !>+ = ^+\6*. 

Denote by Hq the set of simple roots associated to the system of positive roots 
$^ = $7 U ^u- Pick 6i G Hq n We proceed inductively. Assume that we 
have defined IIq, . . . , Ilj.i and have chosen (5i e IIq fl . . . ,6i G Ilj.i fl Put 
= rs^{Ili-i) and define $^ to be the positive system determined by Ilj. Then 
we have 

<f ti \ m = \ {-m- 

It follows that 

$+1 n H = in n $0+) \J{6n, 

and thus fl $o | is 1 or 2 less than fl $o I- Repeating this process, we 

obtain $+ and := ^f^^ H <I>^ (z = 1, . . . , t), until n = 0. 

It follows from = fl $~ that \l/ is a closed subsystem of $. Given a G <I>^ 
so that a — 6j (or a — 26j) is a root, then a — 6j (or a — 26j) lies in moreover 
it lies in = fl $~ since $~ is normalized by □ 

5.3. Proof of the Super KW Property for g. Now we are in a position to 
prove the Super KW Property with arbitrary p-characters. 

Theorem 5.6 (Super Kac-Weisfeiler Property). Let g be a basic classical Lie su- 
peralgebra as in Section \2.'A and let x ^ 0g- Let di = dim^j — dimg^ j, i G Z2. 

Then the dimension of every U^{g)-module M is divisible by p~2^~K 
Proof. Observe that 

dim g — dim = dim g — dim [^,^ 

= 2 dim u~ + (dim [ — dim [^„). 

The theorem is now an easy consequence of Remark 12.51 Remark 14. 6[ Theorem 14. 3[ 
and Theorem 15.31 □ 

Corollary 5.7. Assume thatx is regular semisimple (i.e. g^ is a Cartan subalgebra 
{) of g). Then Uy^{g) is a semisimple superalgebra. Furthermore, the baby Verma 
modules Z^{X) with A such that X{hy — X{h) = x{h)^ f^'^ /i G f) form a complete 
list of simple U^{g) -modules. 
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Proof. By Theorem 15.21 U^{q) is Morita equivalent to U^{i)) which is semisimple 
by the assumption of regular semisimplicity on x- Hence U^{q) is a semisimple 
superalgebra. Note that dim g — dim = 2 dimno|2 dimni. By Theorem 15. 6^ the 
g-module Zy.{X) is simple, since the dimension of Zy.{\) ispdimno2dim"i different 
A, Z^{X) are nonisomorphic by high weight consideration. □ 

Corollary 5.8. Let g = osp(l|2n) be the Lie superalgebra of type B(0,n). Let x 
he regular nilpotent (i.e. the corresponding X E Qq is a regular nilpotent element). 
Then, the baby Verma modules of U^{g) are simple. 

Proof. It is well known that dimg^g = n, which is the rank of gg = sp{2n). We 
claim that dimg^j = 1- Indeed, gi is the natural sp(2n)-module, and X can be 
regarded as a matrix of corank 1. Therefore, we have dim = dim n~ (recall the 
subalgebra m' from Sect. 14. ip . Now having dimension equal to dimU^{m'), the 
baby Verma modules of U^{q) must be simple by Theorem 14.31 □ 

6. The modular representations of osp(l|2) 

In this section, we give a complete description of the modular representation 
theory of g = 05p(l|2), with many similarities to the well-known st(2) case [B] (also 
cf. [H Sect. 5]). It turns out that there are no projective simple ?7^(g)-modules in 
contrast to the s[(2)-case. 

6.1. Lie superalgebra 05p(l|2). Recall thatg = osp(l|2) consists of 3x3 matrices 
in the following (l|2)-block form 

V u 
u a b 
—V c —a 

with a, b, c,u,v G K. The even subalgebra is generated by 
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A basis of gj is given by 
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The adjoint go(— sl(2))-module gi is the two-dimensional natural module. 
We collect the commutation relations of these basis elements below: 

[/i, E] = E [h, F] = -F 
[e,E] = [e,F] = -E 
[f,E] = -F [f,F]=0 
[E,E] = 2e [E,F] = h [F,F] = -2f. 
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It is easy to check that the relations e^^^ = = /'^l and /i^^^ = h provide a 
restricted structure on the Lie superalgebra g. 

Since — ^^(2)5 there are three coadjoint orbits of Qq with the following repre- 
sentatives: 

(i) regular nilpotent: x(e) = xW = and xif) = 1; 

(ii) regular semisimple: x{^) = = xif) ^'^^ x{h) = for some a G K*; 

(iii) restricted: x(e) = xif) = = 0. 

6.2. The baby Verma modules of osp(l|2). Fix x ^ Qq such that = 
and denote the Borel subalgebra b := Ke + Kh + KE with Cartan subalgebra 
[) = Kh. Recall from Section [2^ the baby Verma module Z^{X) = U^{g) '^u^ib) K\ 
with XP - X = x{hy. The set {vi := F' 1\0 < i< 2p} is a basis for Z^{X) with 
0-action given by 

hvi = {X-i)vi. (6.1) 

< z < 2p - 2, 

fv^ = '{x{ffvo i = 2p-2, (6.2) 

1 = 2p-l. 

™<H '!"'7;' (6-3) 

I i i/\ «_Ljy._2 it 2 IS odd. 

f".=r'"'„ "-:*'f-'' (6.4) 

-xifrvo t = 2p-i. 




Ev. = r^''-\^ if .is even, 

^ (A - '-^)vi.i if i is odd. ^ ' 



Here we use the convention that Vi = when z < 0. 

Let M be an irreducible U^{Q)-m.odule. Note that x(e) = and i?^ = e so 
£j2p — gP — Thus the set {m GM|£'-m = = e- m}, which is Kh-stable, 
is nonzero. Hence there exists 7^ mo € M such that e ■ mg = = £" ■ mo 
and h ■ rriQ = Xuiq for some X E K, which satisfies — A = xi^Y- Then by 
the Frobenius reciprocity there exists an epimorphism of g-modules: Zy^{X) M. 
Thus by Remark 12. 5^ every simple module appears as a homomorphic image of 
some baby Verma module Z^{X). 

6.3. The regular semisimple case. In this case x(^) 7^ 0, so A ^ Fp for those 
satisfying A''^ — A = xi^Y^ where ¥p denotes the finite field of p elements. It 
follows from fl6.1H6.5p that the only vectors annihilated by E (and e) are scalar 
multiples of vq. Since each non-zero sub module (either graded or non-graded) 
of Z^{X) contains a nonzero vector killed by E, Zy^{X) is irreducible and of type 
M. By Section \^72\ the baby Verma modules Z^{X) with A^ — A = xi^Y are all 
the irreducibles and pairwise non-isomorphic. Now each Z^{X) is of dimension 2p 
and dimf/^(g) = 4p'^, the algebra U^{q) has to be isomorphic to the semisimple 
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superalgebra (B\M2p{K) by dimension counting, where Md{K) denotes the simple 
algebra of all d x d matrices over K. Summarizing, we have the following. 

Proposition 6.1. Let g = osp(l|2), and let x ^ be regular semisimple with 
X(e) = xif) = 0. Then 

(i) The algebra U^{q) is semisimple and isomorphic to the algebra ®\M2p{K). 

(ii) The algebra U^{q) has p distinct isomorphism classes of irreducible modules, 
each represented by some Z^{X) with — A = xi^Y ■ The modules Z^{X) 
are of type M . 

6.4. The regular nilpotent case. In this case, x(^) = ^"^^ xif) = 1- The A 
satisfying the equation A''^ — A = lies in Fp = {0, 1, . . . ,p — 1}. We observe that 

{v e Z^{X)\E ■ V = 0} = Kvo © KV2X+1. 

Assume A 7^ ^zl first. Note in this case h acts on vq and f2A+i with different 
eigenvalues. Any (graded or non-graded) submodule of Z^{\) contains a Kh-stahle 
vector killed by E, hence either vq or f2A+i- But since vq = —F'^^~'^^~^V2x+i, the 
submodule must be equal to Zy.{\). Therefore Z^{X) is irreducible and of type M. 

Now suppose A = and so 2A-I-1 = p. In this case, Vq and V2\+i have opposite 
Z2-parities but identical /i-eigenvaule. It follows that Z^{X) is irreducible of type 
Q. Note that Zy,{X) contains two p-dimensional non-graded simple submodules 
= K{vi + y^Vp+i\0 <i<p} and Z^{^)- = K{vi - v^t'p+i|0 < i < 
p}. There is an odd 0-module involution of Z^{X) which exchanges Vi and Vi^p for 
< z <p - 1. 

A second look at the space of vectors annihilated by E shows that Z^{fi) is 
isomorphic to Z^{X) if and only if yU = A or /i = A*, where we denote A* = p — X — 1. 
So a complete list of simple 0-modules consists of Z^{X), where < A < 

/^From now on, let < A, /i < By the exactness of the functor U^{Q)^Ux{b) 
the number of composition factors isomorphic to Z~^{X) of the left regular U^{g)- 
module equals the number of composition factors isomorphic to K\ or Kx* in the 
left regular ?7^(b)-module. This number is easily seen to equal 2p if A = (and 
so A* = A) and 4p otherwise. 

Denote by P^iX) the projective cover of Z^{X). We claim that the module 
Z^{X) for each A is not projective. Otherwise, Z^{X) cannot appear as a section 
of any P^ifJ^) with X and it appears once as a section of P^iX) = Z^{X). For 
A 7^ this would imply that the number of composition factors isomorphic to 
Z^{X) (which is of type M) in U^{q) equals dimZ^(A) = 2p. This contradicts 4p 
as claimed in case for A 7^ £^ in the preceding paragraph, and thus the module 
Z^(A) for A 7^ is not projective. Now if Z^{^y') (which is of type Q) were 
projective, then the number of composition factors isomorphic to Z^{^^) in U^{q) 
equals |dimZ^(2^) = p, by the Wedderburn theorem for superalgebras (cf. pT| 
Theorem 12.2.9]), which contradicts 2p as claimed in the preceding paragraph. 

Note that U^{q) is a symmetric algebra by Proposition 12.71 Then the head 
and socle of Px{X) for each A must be two distinct copies of Z^i^X), and hence 
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dimP-^(A) > Ap. Now dimP^(A) = 4p for each A thanks to the following calcula- 
tion: 

ip^ = dimU^{g) = ^ 2p ■ dimP^(A) p ■ dimP^(^^-^) 

> {p - 1) /2 ■ 2p ■ Ap + p ■ Ap = Ap^. 

For A 7^ ^Y^, the endomorphism algebra of the module Px(A) is a two-dimensional 
local algebra with basis {Id, vr}, where vr is the projection of Px(A) to its socle, i.e., 

End^^(0)(P^(A))-J^[x]/(x2). 

For A = the endomorphism algebra End;7^(g)(P^(^^)) is (2|2)-dimensional 
with basis {Id,TT (even); J',7r o J' (odd)}, where vr is the projection of P^{^^) 
to its socle and J' is the lift of the odd automorphism of Z-^{^^\ We have the 
following isomorphisms of algebras: 

Endt;,(g)(P^(^)) - K\x\l{x^) ® qi(K) - ^,{K\x\l {x^)). 

Finally put T = ©o<a<e^^x(^)®^®^x( V")- ^^'^^ the left regular module U^{%) 
is isomorphic to and 

= End^^(,)(f/,(g))°^ - End^^(,)(T^)°^ - (Mp(End^^(,)(T)))°^ 
= (©o<A<i^^2p(i^W/(x2)) ©M,(qi(i^[x]/(x2))))°^' 

= (©o<A<H^^2p(i^W/(x2)) © q,iK[x]/{x'))r- 

Summarizing, we have proved the following. 

Proposition 6.2. Let q = osp(l|2), and let X ^ qI be regular nilpotent with 
X(e) = x{h) = 0. Then 

(i) The superalgebra U^^{g) has isomorphism classes of irreducible modules, 
I.e. ZjA)/orA = 0,l,...,£^. 

(ii) For A e Fp, the module Z^[X) is isomorphic to Z^{p — X — 1) , and there is 
no other isomorphism among the baby Verma modules. 

(iii) The module Z^{\) is of type M for A 7^ and Z^{^^) is of type Q. 

(iv) Each projective cover P^{X) is a self- extension of Z^{X). 

(v) As algebras, U^idY^ = ®o^x<E^M2p{K[x]/ {x^)) © qp{K[x]/ {x^)) . 

6.5. The restricted case. In this case x = 0, and U^{q) = Uo{q) is the restricted 
enveloping superalgebra. For A G Fp = {0, . . . ,p — 1}, let L{X) be the g-module 
with basis vq, . . . , V2x and with the action given by formulas (16.11) . (16.31) . (16. 5p and 

fVi = -Vi+2, FVi = Vi+i. 

Each module L{X) is irreducible and of type M. Dropping the subscript x = 0, 
we shall denote by Z{X) and P(A) the baby Verma module and projective cover of 
I/(A) respectively for each A G Fp. 
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It is straightforward to verify that the baby Verma module Z{X) has two compo- 
sition factors L{X) and L{p — A — 1). Indeed, Z{X) has a unique proper submodule 
generated by V2x+i, where E.V2\+i = by f l6.5p . This submodule is simple and is 
isomorphic to L(p — A — 1). 

The general results by Holmes and Nakano [7j apply in our setup, since all the 
simple modules L{X) are of type M. In particular, by [3, Thms. 4.5 and 5.1] the 
projective cover P{X) of L{X) has a baby Verma filtration, and for any A, /i G Fp 
one has the Brauer type reciprocity 

(P(A) : Zi^^)) = [Z{f,) : L(A)], 

where (-P(A) : Z{fi)) is the multiplicity of Z{fi) appearing in the baby Verma 
filtration of -P(A), and [Z{fi) : L{X)] is the multiplicity of L{X) in a composition 
series of Z{fi). It follows by the discussion on the composition factors of Z{fi) that 
(P(A) : Z{ji)) = 1 for yU = A or J) — A — 1, and is otherwise. 
In summary, we have proved the following. 

Proposition 6.3. Let q = osp(l|2). Then 

(i) The algebra f/o(s) has p isomorphism classes of irreducible modules L{X) 
for A = 0, . . . ,p — 1. Moreover, L{X) has dimension 2A + 1. 

(ii) For each X, Z{X) has two composition factors: L{X) and L{p — A — 1). 

(iii) For each X, the projective cover P{X) has a baby Verma filtration with 
Zip — A — 1) and Z{X) as subquotients. 

Clearly, Propositions 16. ![ 16.21 and 16.31 fit well with the Super KW Property 
established in Theorem 15.61 
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